Recently, it has been shown that at most two observers (Bobs) can sequentially demonstrate bipartite nonlocality with a spatially separated single observer (Alice) invoking a scenario where an entangled system of two spin-1 2 particles are shared between a single Alice in one wing and several Bobs on the other wing, who act sequentially and independently of each other [Phys. Rev. Lett. 114, 250401 (2015)]. This has been probed through the quantum violations of CHSH inequality, i. e., when each observer performs two dichotomic measurements. In the present study we investigate how many Bobs can sequentially demonstrate bipartite nonlocality with a single Alice in the above scenario when the number of measurement settings per observer is increased. It is shown that at most two Bobs can exhibit bipartite nonlocality with a single Alice using local realist inequalities with three as well as four dichotomic measurements per observer. We then conjecture that the above feature remains unchanged contingent upon using local realist inequalities with n dichotomic measurements per observer, where n is arbitrary. We further present the robustness of bipartite nonlocality sharing in the above scenario against the entanglement and mixedness of the shared state.
I. INTRODUCTION
Ideas and notions involved in classical mechanics significantly differ from the fundamental tenets of quantum mechanics. A seminal concept showing incompatibility between classical and quantum mechanics is quantum nonlocality. Quantum nonlocality was first pointed out by Einstein, Podolsky and Rosen (EPR) [1] and it has been intensively studied since the pioneering discovery by John Bell in 1964, known as Bell's theorem [2] . Bell's theorem, in the form of an inequality, presents an experimentally testable criterion to check whether a theory is incompatible with the assumptions of local realism. It states that local measurements on a spatially separated quantum system can lead to a set of correlations which cannot be explained by shared classical randomness or local hidden variable (LHV) models. This feature of quantum correlations is called quantum nonlocality [3] . Bell's inequality was later modified by Clauser, Horne, Shimony and Holt (CHSH) [4] . Quantum nonlocality of a system certifies entanglement [5] . Realizing quantum violations of Bell-CHSH inequality in various quantum systems has acquired great interest as evidenced by a wide range of studies [6] [7] [8] [9] [10] [11] [12] [13] [14] . Strong loophole-free Bell tests have also been reported [15] [16] [17] .
An intriguing property of quantum correlations is that they are monogamous in nature. The restriction on sharing quantum correlations between several numbers of spatially separated observers is quantitatively expressed through the monogamy relations for entanglement [18] or the monogamy relations for Bell-nonlocality [19] . In case of the multipartite scenario considered in the monogamy context, n observers share n number of particles, one particle per each observer, * debarshidas@jcbose.ac.in † a.ghosal1993@gmail.com ‡ souradeep@mail.jcbose.ac.in § shiladitya.27@gmail.com ¶ archan@bose.res.in and all the observers are spatially separated. Hence, the nosignalling condition (the probability of obtaining one party's outcome does not depend on spatially separated other party's setting) is satisfied between any pair of observers. Recently, it has been shown [20, 21] that monogamy relations no longer hold for the correlations obtained from measurements performed by different parties if a different scenario is considered where the no-signalling condition is relaxed between a subset of observers. Here, relaxing the no-signalling condition does not imply violating relativistic causality, rather it implies a scenario where sequential measurements are performed by different observers on the same particle. Specifically, the scenario is that one observer (say, Alice) has access to one half of an entangled system of two spin-1 2 particles, whereas, multiple observers (say, multiple Bobs) can access and measure on another half of that entangled system sequentially. Here Alice is spatially separated from multiple Bobs. In this scenario it has been shown [20, 21] that at most two Bobs can demonstrate nonlocality with single Alice when each Bob performs different measurements with equal probability and when the measurements of each Bob are independent of the choices of measurement settings and outcomes of the previous Bobs. This result has also been confirmed by experiment [22, 23] . Note that the above result is probed through the quantum violations of CHSH inequality [4] , i. e., in the scenario where each observer performs two dichotomic measurements.
Sharing entanglement by multiple Bobs in the above scenario has been demonstrated recently [24] . Steerability of local quantum coherence by multiple observers has been studied recently [25] . Sharing of tripartite nonlocality by multiple sequential observers has also been studied [26] . Quantum steering [27] [28] [29] of a single system sequentially by multiple Bobs in the above scenario has also been investigated [30] , going beyond the monogamy restriction on steering [31, 32] . Moreover, it has been shown that the maximum number of Bobs who can sequentially steer single Alice increases with increasing number of measurement settings performed by each party [30] . More recently, it has been demonstrated that the number of Bobs who can steer the state of Alice increases with increase in d when Alice and multiple Bobs share symmetric entangled state of arbitrary dimension d × d [33] .
In the present study we investigate how many Bobs can sequentially demonstrate bipartite nonlocality with single Alice in the above scenario when the number of measurement settings performed by each party is increased. Unlike steering, the interesting result revealed by the present study is that at most two Bobs can sequentially demonstrate bipartite nonlocality with single Alice when different local realist inequalities [34] [35] [36] [37] [38] [39] [40] [41] [42] with three or four dichotomic measurements per observer are used. In other words, no advantage over CHSH inequality is gained in the context of sharing of bipartite nonlocality when different local realist inequalities [34] [35] [36] [37] [38] [39] [40] [41] [42] with three or four dichotomic measurements per observer are used. Based on this result we also conjecture that the above feature remains unchanged when each party performs n dichotomic measurements.
One important point to be stressed here is that sharing of bipartite nonlocality [20, 21] or steering [30] has been probed assuming that Alice and multiple Bobs initially share pure maximally entangled state. However, in real practical scenario it is very difficult to prepare pure maximally entangled state. Hence, in order to incorporate inaccuracies that appear in real scenario, we also investigate sharing of bipartite nonlocality by multiple Bobs with single Alice, when Alice and multiple Bobs initially share non-maximally entangled pure state or mixed state. The robustness of different local realist inequalities in the context of sharing of nonlocality against entanglement and mixedness of the shared state is explored in the present study. This investigation presents a new dimension in demonstrating inequivalence between different local realist inequalities with respect to sharing of nonlocality. Interestingly, we show that CHSH inequality is the most robust against entanglement and mixedness of the shared state in the context of sharing of nonlocality.
We organize this paper in the following way. In Sec. II, we discuss in brief the concept of bipartite nonlocality in the context of the local realist inequalities that we use later. Next, in Sec. III, we discuss the scenario in which we demonstrate bipartite nonlocality sharing. Unsharp measurement formalism used by us is also discussed in Sec. III. Sharing of bipartite nonlocality by multiple Bobs with single Alice using local realist inequalities having three and four dichotomic measurements per observer is demonstrated in Sec. IV and Sec. V, respectively. In Sec. VI we present the issue of bipartite nonlocality sharing by multiple Bobs with single Alice when Alice and multiple Bobs initially share non-maximally entangled pure states as well as mixed states. Finally, we end with concluding remarks in Sec. VII.
II. RECAPITULATING BIPARTITE NONLOCALITY
Suppose A ∈ F α and B ∈ F β are the possible choices of measurements for two spatially separated observers, say Alice and Bob, with outcomes a ∈ G a and b ∈ G b , respectively. A 1 , A 2 A 3 , ..., A n denote the possible choices of measurement settings for Alice; B 1 , B 2 , B 3 , ..., B n denote the possible choices of measurement settings for Bob. The joint probability of obtaining the outcomes a and b, when measurements A and B are performed by Alice and Bob locally on state ρ AB , respectively, is given by, P(a, b|A, B, ρ AB ). The bipartite state ρ AB of the system is nonlocal [2] iff it is not the case that for all A ∈ F α , B ∈ F β , a ∈ G a , b ∈ G b , the joint probability distribution can be written in the form
where p λ is the probability distribution over the hidden variables λ; λ p λ = 1; P λ (a|A) and P λ (b|B) denote arbitrary probability distributions conditioned upon λ. In the present study we restrict ourselves to the experimental scenario involving only dichotomic measurements, i. e., measurements having two outcomes. In 2 × 2 × 2 experimental scenario (involving two parties, two measurement settings per party, two outcomes per setting), the necessary and sufficient criterion to detect nonlocality between Alice and Bob is given by [4] ,
where A 1 and A 2 denote the two possible choices of measurement settings for Alice; B 1 and B 2 denote the two possible choices of measurement settings for Bob. This inequality is known as the CHSH (Clauser-Horne-Shimony-Holt) inequality [4] . For arbitrary number of dichotomic measurements performed by each party, quantum violation of Chained Bell-CHSH inequality [34] [35] [36] demonstrates bipartite nonlocality between Alice and Bob. Chained 3-settings Bell-CHSH inequality [34] [35] [36] has the following form,
On the other hand, Chained 4-settings Bell-CHSH inequality [34] [35] [36] has the following form,
Interestingly, using chained Bell-CHSH inequality it was shown that nonlocality and entanglement are not only different properties but are inversely related in certain scenarios [43] . Chained Bell-CHSH inequality was shown to be increasingly sensitive to any noise in the system as the number of measurement settings increases in the inequality [44] . It also allows to put strong lower bounds on the nonlocal content of an observed statistics [44] . This inequality was also used for selftesting protocols [45] . Chained Bell-CHSH inequality was shown to be necessary for probing nonlocality in experiments using energy-time and time-bin entanglement [46] . Another set of Bell-CHSH inequalities for n dichotomic measurements performed by each party was derived by Gisin in Ref. [37] . Bell-CHSH inequality for 3-settings derived by Gisin [37] is given by,
We will call this inequality as 3-settings Gisin inequality. Similarly, the Bell-CHSH inequality for 4-settings derived by Gisin [37] is given by,
We will call this inequality as 4-settings Gisin inequality. Using these inequalities it has been demonstrated that the ratios of their maximum quantum violations and their local realist bounds tend to a constant value in the limit of arbitrarily large number of measurement settings per party [37] . Another form of local realist inequality was derived by Collins et. al., involving three dichotomic measurements per party [38] . This inequality is known as I 3322 inequality. I 3322 inequality has the following form,
It has been shown that there exists states that violate the above inequality, but do not violate the CHSH inequality. In other words, this inequality is 'relevant' to CHSH inequality [38] . Using this inequality also, it has been demonstrated that nonlocality and entanglement are inversely related [43] . Deng et. al. derived another local realist inequality involving four dichotomic measurements per party [39] . This inequality is 'relevant' to CHSH inequality and I 3322 inequality in the sense that there exists states that violate the inequality by Deng et. al., but do not violate the CHSH inequality or I 3322 inequality and vice-versa. 4 settings inequality derived by Deng et. al. [39] has the form given by,
We will call this inequality as DZC (Deng-Zhou-Chen) inequality. Brunner et. al. derived a series of local realist inequalities in the scenario where each party performs four dichotomic measurements [40] . 4 settings inequality derived by Brunner et. al., which will be used by us in the present study, has the form given by [40] ,
We will call this inequality as BG (Brunner-Gisin) inequality. Besides these, two more inequivalent local realist inequalities in the scenario where each party performs four dichotomic measurements were derived by Avis et. al. [41] and Gisin [42] , which are shown to be inequivalent to CHSH inequality [41] . One of these inequalities has the form given by [41, 42] ,
We will call this inequality as 1st AIIG (Avis-Imai-Ito-Gisin) inequality. Another inequality derived by Avis et. al. and Gisin has the form given by [41, 42] ,
We will call this inequality as 2nd AIIG (Avis-Imai-Ito-Gisin) inequality. We will use these local realist inequalities later for the purpose of the present study.
III. SETTING UP THE MEASUREMENT SCENARIO
In order to probe sharing of bipartite nonlocality we consider the following measurement scenario in the present study:
particles are prepared in a bipartite state ρ and they are spatially separated. These two particles are shared by Alice and multiple Bobs (say, Bob 1 , Bob 2 , Bob 3 , ..., Bob n ), where Alice performs measurements on the first particle and multiple Bobs perform measurements on the second particle sequentially. After doing measurements on the second particle Bob 1 delivers the particle to Bob 2 , and similarly, Bob 2 passes the second particle to Bob 3 after measurements, and so on.
In Scenario 1 we consider the following two salient features:
1) Each Bob performs measurements independent of the measurement settings and outcomes of the previous Bobs on the particle in his possession. 2) all possible measurement settings of each Bob are equally probable, i. e., we are considering unbiased input scenario for each Bob.
Note that in this Scenario 1 no-signaling condition is satisfied between Alice and any Bob as they are spatially separated and perform measurements on two different particles. On the other hand, in this scenario no-signaling condition is not satisfied between different Bobs as Bob 1 implicitly signals to Bob 2 by his choice of measurement on the state before he passes it on. Similarly, Bob 2 also signals to Bob 3 and so on. This Scenario 1 is depicted in Fig. 1 .
In Scenario 1 we investigate how many Bobs can sequentially demonstrate nonlocality with single Alice with respect to the quantum violations of different local realist inequalities. As we want to explore how many Bobs can have measurement statistics violating different local realist inequalities with a single Alice, each of the Bobs except the last Bob cannot perform projective measurements. If any Bob performs projective measurements, there would be no possibility of violation of the local realist inequalities by the next Bob, since the entanglement of the state shared between Alice and the subsequent Bob would be completely destroyed. Hence, in order to address the aforementioned question with n Bobs, the measurements of the first (n − 1) Bobs should be weak.
Description of fuzzy measurement: Weak measurement without post selection or fuzzy is characterised by two parameters: 1) the quality factor F which quantifies the extent to which the state of the system remains undisturbed after the measurement, and 2) the precision G of the measurements which quantifies the information gain from measurement [20] . In case of strong projective measurement, F = 0 and G = 1. An optimal pointer state is defined as the one which gives the best trade-off between these two quantities, i.e., for a given quality factor, it provides the greatest precision. It has been shown that the informationdisturbance trade-off condition for an optimal pointer is given by, F 2 + G 2 = 1 [20] . This weak measurement formalism has been recast in the unsharp measurement formalism in Ref. [21, 30] , which is a particular class of positive operator valued measurement (POVM) [47, 48] . POVM is a set of positive operators that add up to identity, i. e., E ≡ {E i | i E i = I, 0 < E i ≤ I}. Effects represent quantum events that may occur as outcomes of a measurement. In case of a dichotomic unsharp measurement, the effect operators are given by, E λ ± = (I 2 ± λn · σ)/2. Here σ = (σ 1 , σ 2 , σ 3 ) is a vector composed of Pauli matrices, n is a three dimensional unit vector, I 2 is the 2 × 2 identity matrix, λ is the sharpness parameter, 0 < λ ≤ 1. The probability of getting the outcomes + and − are Tr[E λ + ρ] and Tr[E λ − ρ], respectively, where ρ is the state of the system on which unsharp measurement is performed. The post-measurement states, when the outcomes + and − are obtained, are determined by Von Neumann-Luder's transformation rule [47] , upto lo-
, respectively.
It was shown in [21] that weak measurement formalism characterised by F and G is related to the unsharp measurement formalism through the relations given by, F = √ 1 − λ 2 and G = λ. Hence, λ characterizes the precision of the measurement. For strong projective measurement, G = λ = 1, F = 0. It can be easily checked that the optimal pointer state condition, F 2 + G 2 = 1, is automatically satisfied in the unsharp measurement formalism [21, 30] .
In the next Section we consider Scenario 1, where multiple observers perform sequential measurements on one part of a shared bipartite entangled state.
IV. SHARING OF BIPARTITE NONLOCALITY WHEN EACH PARTY PERFORMS THREE DICHOTOMIC MEASUREMENTS
In this Section we investigate how many Bobs can sequentially demonstrate nonlocality with single Alice in Scenario 1 using the chained 3-settings Bell-CHSH inequality (3), 3-settings Gisin inequality (5) and I 3322 inequality (7) . In all these three inequalities each party performs three dichotomic measurements. Note that all these inequalities are maximally violated by maximally entangled state. Hence, in order to probe optimal sharing of bipartite nonlocality by multiple Bobs using the above inequalities, we consider that Alice and multiple Bobs (say, Bob 1 , Bob 2 , Bob 3 , ..., Bob n ) initially share a maximally entangled state, say, singlet state given by,
where |0 and |1 form an orthonormal basis in C 2 . We assume that the three possible choices of measurement settings of Alice are the spin component observables in the directionsx u , i. e., observables corresponding to the operators σ ·x u . Here σ = (σ 1 , σ 2 , σ 3 ) is a vector composed of Pauli matrices andx u is given by,
where 0 ≤ θ 
where 0 ≤ θ
where u ∈ {0, 1, 2}; v ∈ {0, 1, 2}; λ 1 is the sharpness parameter of Bob 1 's unsharp measurements. For two Bobs measuring sequentially on the same particle, the joint probability of obtaining the outcomes a and b 2 (where a ∈ {−1, +1} and b 2 ∈ {−1, +1}) when Alice performs a projective measurement of the spin component along the directionx u and Bob 2 performs an unsharp measurement of the spin component along the directionŷ v 2 , respectively, given that Bob 1 has performed an unsharp measurement of the spin component along the directionŷ k 1 , is given by,
where λ 1 and λ 2 are the sharpness parameters of the measurements performed by Bob 1 and Bob 2 , respectively; u ∈ {0, 1, 2}; k ∈ {0, 1, 2}; v ∈ {0, 1, 2}. In this case, the correlation function between Alice and Bob 2 is given by,
Since we have assumed that Bob 2 is ignorant about the measurement settings of Bob 1 , the correlation (17) has to be averaged over the three possible choices of measurement settings performed by Bob 1 (i. e., the spin component observables in the directions {ŷ 
where P(ŷ k 1 ) is the probability with which Bob 1 measures spin component observables in the directionŷ k 1 . Since we are considering an unbiased input scenario, all the possible measurement settings of the previous Bob are equally probable, i. e., P(ŷ 
In a similar way, the average correlation functions between Alice and Bob i , C uv i (where u ∈ {0, 1, 2}, v ∈ {0, 1, 2}), can be evaluated.
Using such average correlations between Alice and Bob i , we get the following form of chained 3-settings Bell-CHSH inequality (3) for Alice and Bob i .
Now consider whether Bob 1 and Bob 2 can sequentially demonstrate bipartite nonlocality with single Alice through the quantum violations of chained 3-settings Bell-CHSH inequality (20) . The measurements of the final Bob (i. e., Bob 2 ) are sharp (λ 2 = 1) and the measurements of Bob 1 are unsharp. We observe that when Bob 1 gets 5% violation of the chained 3-settings Bell-CHSH inequality (20) , i. e., when Chain (20) .
It is to be noted here that Bob 3 may obtain quantum mechanical violation of the chained 3-settings Bell-CHSH inequality (20) if the sharpness parameter of Bob 2 is too small to get a violation. In fact, it can be easily checked that at most two Bobs (not necessarily Bob 1 and Bob 2 , but any two Bobs) can sequentially demonstrate bipartite nonlocality through the quantum violations of chained 3-settings Bell-CHSH inequality (20) .
Proceeding in a similar way we have also calculated how many Bobs can sequentially demonstrate bipartite nonlocality with single Alice in Scenario 1 through the quantum violations of 3-settings Gisin inequality (5) and I 3322 inequality (7) . One important point to be stressed here is that the left hand side of I 3322 inequality (7) is a linear combination of joint probabilities and marginal probabilities. Hence, in order to evaluate the quantum violation of I 3322 inequality (7) with Alice and Bob i , the joint probabilities and the marginal probabilities at Bob i 's end have to be averaged over all possible equally probable measurement settings of previous Bobs. The results obtained are summarized in Table I . Table I clearly indicates that the maximum number of Bobs who can sequentially demonstrate bipartite nonlocality with single Alice does not increase when each party performs three dichotomic measurements, instead of two dichotomic measurements. Now we are interested to study the above issue when each party performs four dichotomic measurements.
V. SHARING OF BIPARTITE NONLOCALITY WHEN EACH PARTY PERFORMS FOUR DICHOTOMIC MEASUREMENTS
We now investigate how many Bobs can sequentially demonstrate nonlocality with single Alice in Scenario 1 using the chained 4-settings Bell-CHSH inequality (4), 4-settings Gisin inequality (6), DZC inequality (8) , BG inequality (9), 1st AIIG inequality (10), 2nd AIIG inequality (11) . In all these inequalities each party performs four dichotomic measurements. Since all these inequalities are maximally violated by maximally entangled state, we assume that Alice and multiple Bobs (say, Bob 1 , Bob 2 , Bob 3 , ..., Bob n ) initially share a maximally entangled state, say, singlet state (12) . Suppose, Alice has a choice between four dichotomic measurements: spin component observables in the directionsx u (where u ∈ {0, 1, 2, 3}), and Bob i (i ∈ {1, 2, 3, ..., n}) has the choice between the spin component observables in the directionsŷ v i (where v ∈ {0, 1, 2, 3}) to measure. Outcomes of these measurements are labelled by {−1, +1}.x u andŷ v i have the form mentioned in Eq. (13) and in Eq. (14), respectively.
In this case also we assume unbiased input scenario, i. e., all three possible measurement settings of the previous Bobs are equally probable with probability 
In a similar way, the average correlation functions between Alice and Bob i , C uv i (where u ∈ {0, 1, 2, 3}, v ∈ {0, 1, 2, 3}), can be evaluated.
Using such average correlations between Alice and Bob i , we get the following form of chained 4-settings Bell-CHSH inequality (4) for Alice and Bob i .
Now consider whether both Bob 1 and Bob 2 can demonstrate bipartite nonlocality with single Alice through the quantum violations of chained 4-settings Bell-CHSH inequality (22) . In this case, the measurements of the final Bob (i. e., Bob 2 ) are sharp (λ 2 = 1) and the measurements of Bob 1 are unsharp. We observe that when Bob 1 gets 5% violation of the chained 4-settings Bell-CHSH inequality (22) , i. e., when Chain 39, 0, 1.18, 0, 1.96, 6 .28, 2.75, 0, 2.36, 3.14, 1.57, 3.14, 0.78, 3.14, 0, 5.77, 2.36, 3.14, 1.57, 3.14, 0.78, 3.14, 0, 6.09) with λ 1 = 0.81. Hence, both Bob 1 and Bob 2 cannot demonstrate bipartite nonlocality with single Al- (4) 4-settings Gisin 2 inequality (6) DZC inequality (8) 2 BG inequality (9) 2 1st AIIG inequality (10) 2 2nd AIIG inequality (11) 2 TABLE II: Maximum number of Bobs who can simultaneously demonstrate bipartite nonlocality with single Alice through the quantum violations of chained 4-settings Bell-CHSH inequality (4), 4-settings Gisin inequality (6), DZC inequality (8), BG inequality (9), 1st AIIG inequality (10), 2nd AIIG inequality (11) .
ice through the quantum violations of chained 4-settings Bell-CHSH inequality (22) . Note that Bob 2 may get quantum violation of the chained 4-settings Bell-CHSH inequality (22) if the sharpness parameter λ 1 of Bob 1 is too small such that Bob 1 does not get any violation. In fact, at most one Bob (not necessarily Bob 1 , but any one Bob) can show bipartite nonlocality with single Alice through the quantum violation of chained 4-settings Bell-CHSH inequality (22) .
Following similar approach we have investigated how many Bobs can sequentially demonstrate bipartite nonlocality with single Alice in Scenario 1 through the quantum violations of 4-settings Gisin inequality (6), DZC inequality (8), BG inequality (9), 1st AIIG inequality (10), 2nd AIIG inequality (11) . The results obtained are summarized in Table II .
From Table II it is evident that no advantage is gained in the context of sharing of nonlocality in Scenario 1 when one uses local realist inequalities with four dichotomic measurements per party, instead of using CHSH inequality. From these results we conjecture the following: Conjecture 1. At most two Bobs can demonstrate bipartite nonlocality with single Alice in Scenario 1 through the quantum violations of local realist inequalities that use n dichotomic measurements per party, where n is arbitrary.
From Tables I, II we observe that at most two Bobs can demonstrate bipartite nonlocality with single Alice in Scenario 1 through the quantum violations of chained 3-settings Bell-CHSH inequality (3), 4-settings Gisin inequality (6), DZC inequality (8) , BG inequality (9), 1st AIIG inequality (10), 2nd AIIG inequality (11) , which was also probed using CHSH inequality (2) [20] [21] [22] [23] . Note that in all these studies it is assumed that maximally entangled pure state is initially shared between Alice and multiple Bobs. Hence, it is legitimate ask whether the aforementioned six local realist inequalities give any advantage over CHSH inequality in the context of sharing of bipartite nonlocality in Scenario 1 when Local realist inequalities C min CHSH inequality (2) 0.76 Chained 3-settings Bell-CHSH inequality (3) 0.92 4-settings Gisin inequality (6) 0.91 DZC inequality (8) 0.82 BG inequality (9) 0.82 1st AIIG inequality (10) 0.84 2nd AIIG inequality (11) 0.82 TABLE III: C min for CHSH inequality (2), chained 3-settings Bell-CHSH inequality (3), 4-settings Gisin inequality (6), DZC inequality (8) , BG inequality (9), 1st AIIG inequality (10), 2nd AIIG inequality (11) .
non-maximally entangled pure state or mixed state is initially shared between Alice and multiple Bobs.
VI. SHARING OF BIPARTITE NONLOCALITY WHEN THE INITIAL STATE IS NON-MAXIMALLY ENTANGLED PURE STATE OR MIXED STATE
In previous Sections we have considered that maximally entangled pure state (singlet state) is shared between Alice and multiple Bobs. However, in practical situation it is very difficult to prepare maximally entangled pure state. Hence, in order to consider the imperfection that may appear in real experimental scenario, we consider that Alice and multiple Bobs initially share non-maximally entangled pure state, instead of singlet state. Any pure two-qubit state can be written in the following form, called the Schmidt decomposition [49, 50] ,
where 0 ≤ α ≤ π 2 . Note that concurrence [51] , which is a measure of entanglement, of the state |ψ(α) given by Eq.(23) turns out to be C = sin 2α. α = π 4 characterizes maximally entangled pure state.
In previous Sections we observe that at most two Bobs can sequentially demonstrate bipartite nonlocality with single Alice in Scenario 1 using CHSH inequality (2), chained 3-settings Bell-CHSH inequality (3), 4-settings Gisin inequality (6), DZC inequality (8), BG inequality (9), 1st AIIG inequality (10), 2nd AIIG inequality (11) when maximally entangled pure state (i. e., state with concurrence C = 1) is initially shared between Alice and multiple Bobs. However, if the concurrence of the shared state is decreased from C = 1, then the above feature persists up to a certain value of concurrence. Below that value of concurrence of the shared state, two Bobs cannot sequentially demonstrate bipartite nonlocality with single Alice in Scenario 1. Let us assume that C min denotes the minimum permissible value of Concurrence of the state, initially shared between Alice and multiple Bobs, for which two Bobs can sequentially demonstrate bipartite nonlocality with single Alice in Scenario 1. If the concurrence of the shared state C < C min , then two Bobs cannot sequentially demonstrate bipartite nonlocality with single Alice in Scenario 1. We have calculated C min using the above seven Local realist inequalities w min CHSH inequality (2) 0.89 Chained 3-settings Bell-CHSH inequality (3) 0.97 4-settings Gisin inequality (6) 0.96 DZC inequality (8) 0.95 BG inequality (9) 0.96 1st AIIG inequality (10) 0.93 2nd AIIG inequality (11) 0.96 TABLE IV: w min for CHSH inequality (2), chained 3-settings Bell-CHSH inequality (3), 4-settings Gisin inequality (6), DZC inequality (8) , BG inequality (9), 1st AIIG inequality (10), 2nd AIIG inequality (11) .
local realist inequalities. The results are presented in Table  III .
From Table III it is clear that CHSH inequality is the most robust against entanglement of the shared state in the context of sharing of bipartite nonlocality by multiple Bobs with single Alice in Scenario 1. In other words, there is range of concurrence C ∈ [0.76, 0.82) of the initial shared state for which two Bobs can sequentially demonstrate bipartite nonlocality with single Alice in Scenario 1 using CHSH inequality (2), but not using the other local-realist inequalities considered.
Note that environmental effects may turn a pure state into a mixed one. In order to incorporate this issue we now consider that Alice and multiple Bobs initially share mixed state, instead of pure singlet state, given by,
where |ψ sing = 1 √ 2 (|01 − |10 ) is the singlet state. (1 − w) denotes the amount of white-noise that is mixed with the singlet state. w = 1 implies pure state. Hence, w characterizes mixedness of the state (24) . Similar to the previous case, in this case also, we have calculated the minimum permissible values of w, denoted by w min , for which two Bobs can sequentially demonstrate bipartite nonlocality with single Alice in Scenario 1 using CHSH inequality (2), chained 3-settings Bell-CHSH inequality (3), 4-settings Gisin inequality (6), DZC inequality (8) , BG inequality (9), 1st AIIG inequality (10), 2nd AIIG inequality (11) when the mixed state ρ w (24) is initially shared between Alice and multiple Bobs. If the state ρ w (24) with w ≥ w min is initially shared between Alice and multiple Bobs, then at most two Bobs can sequentially demonstrate bipartite nonlocality with single Alice in Scenario 1 using the respective local-realist inequality. On the other hand, if the state ρ w (24) with w < w min is initially shared between Alice and multiple Bobs, then two Bobs cannot sequentially demonstrate bipartite nonlocality with single Alice in Scenario 1 using the respective local-realist inequality. We have calculated w min using the above seven local realist inequalities. The results are presented in Table IV .
From Table IV we observe that CHSH inequality is the most robust against mixedness of the shared state in the context of sharing of bipartite nonlocality by multiple Bobs with single Alice in Scenario 1. In other words, there is range of w ∈ [0.89, 0.93) of the initial shared state for which two Bobs can sequentially demonstrate bipartite nonlocality with single Alice in Scenario 1 using CHSH inequality (2), but not using the other local-realist inequalities considered.
Tables I and II reflects inequivalence of CHSH inequality (2), chained 3-settings Bell-CHSH inequality (3), 4-settings Gisin inequality (6), DZC inequality (8), BG inequality (9), 1st AIIG inequality (10), 2nd AIIG inequality (11) with the 4-settings Bell-CHSH inequality (4), 3-settings Gisin inequality (5), I 3322 inequality (7) in the context of sharing of bipartite nonlocality in Scenario 1. Because at most two Bobs can demonstrate bipartite nonlocality in Scenario 1 using CHSH inequality (2), chained 3-settings Bell-CHSH inequality (3), 4-settings Gisin inequality (6), DZC inequality (8), BG inequality (9), 1st AIIG inequality (10), 2nd AIIG inequality (11) . On the other hand, at most one Bob can demonstrate bipartite nonlocality in Scenario 1 using 4-settings Bell-CHSH inequality (4), 3-settings Gisin inequality (5) and I 3322 inequality (7). However, tables I and II do not demonstrate inequivalence between CHSH inequality (2), chained 3-settings Bell-CHSH inequality (3), 4-settings Gisin inequality (6), DZC inequality (8) , BG inequality (9), 1st AIIG inequality (10), 2nd AIIG inequality (11) . But the interesting results revealed in tables III and IV present the inequivalence between CHSH inequality (2), chained 3-settings Bell-CHSH inequality (3), 4-settings Gisin inequality (6), DZC inequality (8), BG inequality (9), 1st AIIG inequality (10), 2nd AIIG inequality (11) in terms of their robustness against entanglement or mixedness of the initial shared state in the context of sharing of bipartite nonlocality in Scenario 1.
VII. CONCLUSIONS
In the present study, we investigate a scenario in which a single Alice and multiple Bobs share an entangled system of two spatially separated spin-1 2 particles. Alice measures on the first particle and multiple Bobs measure on the second particle sequentially. In this scenario it was earlier shown theoretically [20, 21] and then experimentally [22, 23] that at most two Bobs can demonstrate bipartite nonlocality through the quantum violations of CHSH inequality, i. e., when each party performs two dichotomic measurements. In the present study, we address the question whether the number of Bobs who can sequentially demonstrate bipartite nonlocality with single Alice can be altered by increasing the number of dichotomic measurements performed by each observer. Interestingly, we have found that the number of Bobs cannot be increased by increasing the number of dichotomic measurements performed by each observer, contrary to the case of EPR steering [30] . In other words, we show that no local realist inequality provides advantage over CHSH inequality in the context of bipartite nonlocality sharing in the above scenario.
Till date all studies related to sharing of quantum nonlocality [20] [21] [22] [23] or steering [30] consider maximally entangled pure state to be initially shared between Alice and multiple Bobs. However, preparing maximally entangled pure state in real experimental situations is quite difficult. Hence, it is legit-imate to ask what will happen in the context of bipartite nonlocality sharing when a non-maximally entangled pure state or a mixed state is initially shared between Alice and multiple Bobs. In order to address this issue, we have investigated the robustness of different local realist inequalities against the entanglement as well as the mixedness of the initially shared state in the context of bipartite nonlocality sharing. The significant result revealed by the present study is that the CHSH inequality is the most robust in the case of non-maximally entangled states as well as mixed states.
To summarize, the present study incorporates several hitherto unexplored features of quantum nonlocality sharing by multiple observers. Since it is already established that nonlocal correlations acts as resources for various quantum information processing tasks, such as device independent randomness generation [52] , key distribution [53, 54] , reductions of communication complexity [55] etc., using a single quantum nonlocal resource many times sequentially may have practical implications in addition to its foundational significance. The present study, therefore, may have several informational theoretic applications which would be worth pursuing in future.
Investigating whether there exists any local realist inequality which provides advantage over CHSH inequality in the context of bipartite nonlocality sharing in the above scenario is another direction for future studies. It is important to explore the concept of nonlocality sharing for higher dimensional systems by using different multi-outcome local realist inequalities [56, 57] . Another area for future studies is to investigate the concept of sharing of genuine multipartite quantum nonlocality [58] or genuine multipartite quantum steering [59] [60] [61] by multiple observers measuring sequentially on the same particle.
